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ABSTRACT: The relaxation of the transverse components of magnetization, due to dipolar interactions between
a spin pair on an isolated bond along a polymer chain, has been calculated by using the Rouse model for the
chain dynamics. Explicit expressions for the relaxation function are given in terms of a suitably defined NMR
time scale A, the fastest Rouse relaxation time 7, and the degree of polymerization of the chain N. For times
t greater than the longest Rouse mode ~7N? we show that the relaxation function is given by the real part
of an exponential form: exp(-A*(A7,N)t). The functional dependence of A* on Ar and N shows a variety
of different behaviors depending on whether the combinations At and NAr are greater or less than 1. For
A7 &« 1, A\* is real, whereas for A7 > 1, A* is complex and the relaxation function is modulated by a cosine
term. The decay of the relaxation function is determined by the real part of A*, which can be identified with
the inverse of the spin—spin relaxation time T;. We show that A* increases linearly as 7 for Ar « 1, reaches
a maximum for A7 ~ 1, and decreases as 7/2 for Ar » 1. The molecular weight dependence of A* shows
a In (V) dependence when A1 <« 1 up to a maximum value N, ~ 1/Ar and for N > N, is independent
of molecular weight. The frequently used second moment approximation is shown to be valid only when Ar
« 1and N « N,,,,. For times t < 7N? the relaxation function no longer has a simple exponential form. An

algebraic expression is available for r — .

1. Relaxation Function

The simplest theoretical model with which to study the
NMR phenomena in polymer molecules consists of two
spin-!/, nuclei a distance d apart, fixed to a single bond
in a chain of identical bonds. Dipolar interactions between
this spin pair are considered, while those with spins pairs
on other bonds are neglected.!

For a single spin in a magnetic field B along the z di-
rection, the transverse components of the magnetization
m, and m,, can be considered as precessing with an angular
frequency w, (the Larmour frequency):

m.(t) = m, cos (wyt) m,(t) = m, sin (wyt)

The combination of transverse components of the
magnetization given by

m(t) = m,(t) + im,(¢)
can be described by the oscillator equation

dm(t) /dt = iwgm(t) (1.1)

The presence of the other spin contributes a dipolar field
at the site of the first spin and leads to an additional
interaction energy of hAw(a), where

2

4d?
v is the gyromagnetic ratio, d is the distance apart of the

Aw(a) =

(3cos?a—-1) (1.2)

two spins, and « is the angle that this makes with the
magnetic field B.

The system can now be regarded as an oscillator with
a natural frequency wy, + Aw(a). For a mobile bond, the
angle « is a function of the time «a = «(t) and is determined
by the dynamics of the main-chain bond. The oscillator
equation (1.1) integrates to give

m(t) = m(0) expliort) exp || ‘iAw(a) dt’ (L.3)

The dephasing of the transverse components of the
magnetization due to the dipole interaction is described
by the term

exp ] iAw(alt)) dt’

and the transverse relaxation function G(t) is defined to
be?

G(t) = (cos f ‘At dt) (1.4)

where the averaging is done over all the dynamic config-
urations of the bond angle a(¢).

In this paper we will present an analytical calculation
of G(t) for a chain where the dynamical behavior of the
bonds is governed by the Rouse model.? Since the use of
this model is really only applicable to a scaled invariant
version of the original polymer chain, we must consider
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the behavior of dipolar interactions under a rescaling of
the chain. This is described in the next section.

2. Scale-Invariant Model for NMR

The spatial configuration and dynamical behavior of the
bonds carrying the NMR-active spins will, at a local level,
be determined by the atomic details of the particular
polymer. This level of detail would preclude any analytic
treatment and is in general not necessary, especmlly for
long chains where the concept of scale invariance plays an
important role.# This idea is already familiar in structural
considerations and has already been adapted to the NMR
case in a series of papers by Cohen-Addad.>” We start by
briefly summarizing the approach of Cohen-Addad. The
atomic bond carrying the NMR spin pair is considered
along with neighboring bonds {a;} as part of a larger sub-
molecule. The dipole interaction energy ¢(a) = hAw(a)
given by (1.2) is then averaged over all configurations of
this submolecule subject only to the constraint that the
end vector Y _a; has a given value b, i.e., the rescaled dipole
interaction ¢* to be associated with the submolecule is
given as

3,),2 hZ )
3 ((3 COSs® o — 1)>[Zai’2=b2 (2.1)

e* =

From a dynamic point of view we have assumed at the
atomic level the rate of configurational change of the
molecular bonds of the submolecule is much faster than
the time scale (3v2h%/4d®%)! set by the dipole interaction
(1.2). For a sufficiently large number N, of atomic bonds
{a;} eq 2.1 can be evaluated,” and the leading term is
372h2 {222 - x2 _ yZ}
* = - %

e* () i N.ia? hAw (2.2)
where (x,y,z) are the coordinates of the submolecule end-
to-end vector b (b2 = x2 + y% + 22). Equation 2.2 can also
be written as

vy = 2 Vg cost 00 11 (23
€ N\ N cos .
where 9 is the angle between b and the magnetic field B.
If the process is repeated for all bonds in the chain, then
the average value of b will be given by (b?) = N,a2

The effective interaction energy e*(¢) is similar in form
to the original expression (1.2) but reduced by the factor
N, L. The important difference for this calculation is that
the coordinates (x,y,z) of the bond vector b; of the sub-
molecule can, as we will see, be treated as Gaussian random
variables, whereas the original atomic bond vectors {a},
being of fixed length and restricted angles, cannot. For
the NMR-active bond in the submolecule of the rescaled
chain the relaxation function is defined as

G(t) = (cos [} awr3(¢)) ar) (2.4)

The averaging is now to be done over all configurations
of the sub-molecule bonds {b;} forming the rescaled mol-
ecule. With use of (2.2), the relaxation function G(t) =
(G(A,t) can be written in the more convenient form

GAg =
real part: {exp §i—Aft{222(t’) - 22(t) - y2t)} dt’
' 2b2 Jo

(2.5)

We have set the averaged length b of the scaled submo-
lecule bond vectors as b2 = Na?, and the time scale is set
by A1, where
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For a proton pair with the distance apart d measured in
angstroms

(2.6)

A =159 X 10*/(Nd?) s7! 2.7)

If we consider the dynamics of the three coordinates to be
independent, then the statistical problem is completely
contained in the term

3iA ot )
g(At) = <exp[;§ j; x2(¢) dt ]> (2.8)
so that

G(A,t) = real part: {g(2A,t) g(-At) g(-A)} (2.9)

To evaluate (2.8), we need a dynamical model for the chain
constructed from the bond vectors |{b;} and a method of
doing the averaging over all dynamical configurations of
this chain. These are considered in the next section.

3. Calculation of the Relaxation Function

To describe the dynamical behavior of the chain we use
the Rouse model, where the equation of motion for each
component (x;,y;z;) of the bond vectors can be written as

b ) - 2o s = 224 20 = 50 B
v is a local friction coefficient, T is the temperature, and
{j is an environmental random force acting on the jth bond.
§j(t) and hence x;(t) are considered as Gaussian random
variables. For a cflmn of N - 1 bonds, the following normal
mode transformation®

7pj .
ZX sih— Jj=0,1,..,N (3.2)
p=0 N
diagonalizes the equation of motion (3.1) to give
d
+ .
th X = (8.3)

where the spectrum of relaxation times 7, is given by
T
sin? 7p/2N
The principal feature of the equation of motion (3.3) that

we will need to evaluate g(A,t) given by (2.8) is the dynamic
correlation function:

7, = with 7 = b2 /12T (3.4)

(X,(t) X, (t)) = 2° 6pq exp(-jt - t1/7,)  (3.5)

To see how this can be used to evaluate

glAt) = <exp[ 2?2 ijz(t’) dt’]> (3.6)

we note that x(t) is a dynamic Gaussian random variable,
i.e., its statistical properties are completely specified by
the mean and variance:

(x;t)) =0
7pj -1t - t1
(x;(t) x;(t)) = ﬁlgsm —N—exp[ - ] 3.7

(The last result is obtained by using (3.5) and (3.2).)

It is a property of Gaussian variables that the average
of the exponential of a Gaussian random variable is given
by the exponential of the average according to
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(exp x) = exp(%(x?)) (3.8)

Unfortunately the statistical problem posed by (3.6) in-
volves the average of the exponential of x 2(t) and not x;(t).
However, we can use an auxillary variagle ¢ to linearize
the term x;2 by means of the mathematical identity

(2m)V/2 exp(x2/2) = .Cd"’ expl~(¢*/2) + 2

The statistical averaging over the bond vectors can now
be carried out by using (3.8). The extra technicalities
needed to deal with the time integral in (3.6) are described
in the Appendix. The remainder of the calculation is also
completed in the Appendix, where we show that a sys-
tematic calculation of the function g;(A,t) can be per-
formed. The leading term can be written as a product of
integer expressions:

exte [ 3iA

-1/2
g(At) = agw 1- —bz—tI‘ja(t)] (3.9)
where
r(t)—Eb—ZZ"" 1/N) /T (ot 3.10
ja —3Npsm (mpj/N) /Tp(a,t) (3.10)
Tp(a)t) =

2 1
(worp)2 + 1 t/7p

(woTp)? = 1)1 - exp(-|t|/7,)
(waerp)? + 1 t/7p

(3.11)

with w, = 27a/t.

The result (3.9) and (3.10) and (3.11) are the major
results of this paper. They permit a full evaluation of the
NMR relaxation function G(A,t) given by (2.9), of a bond
located at the jth position on a chain molecule of N - 1
bonds in terms of the NMR relaxation rate A, given by
(2.6) and the relaxation time 7 of the fastest Rouse mode.
The results are in a form suitable for numerical compu-
tation; however, various analytic results can be obtained
and compared to known results or other approximations.

4. Frozen Chain Limit (r — «)

In the limit that all the relaxation times become very
long (1, — =), the chain becomes frozen and the relaxation
function g(A,t) can be evaluated directly from (2.9) by
using a Gaussian distribution of bond vectors. The result
can be written as

3 |2 (-3x%) 3iAtx?
g(Qt) = (27rb2) f dx exp ob? {exp[ b7 ]; =
(1 -iAt)12 (4.1)

From the full dynamic expressions (3.9)~(3.11) we can
obtain this result by observing that the contribution of all
the o # 0 terms in (3.9) tend to zero, i.e.

a#0

Tpleyt) >0 as 7, > =

Only o = 0 gives a nonzero contribution in the frozen limit,
since from (3.11)

T,0t) —~1 as t/r,—0,

gAH =1- %fr,-om (4.2)

Then from (3.10)

_ 20t ., | mpi _ b
Tj(t) = 3N§,sm [ N ]I‘p(O,t) = 3N (4.3)
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Figure 1. Behavior of the transverse relaxation function for a
chain of frozen bonds.

and the known result (4.1) follows from substituting (4.3)
in (3.9). The full NMR relaxation function is given by

G(A,t) = real part: {g(2A,t) g(-A,t) g(=A,t))

This can be manipulated into an algebraic form® with the
following limiting behavior:

G(At) =~ (At)3/2
~ 3(At)?/2

ast—>
ast—0 (4.4)

The full dependence of G(A,t) in this frozen limit is
shown in Figure 1.

5. General Long-Time Behavior

The time dependence of the relaxation function is com-
pletely contained in the term I'(a,t) given by (3.11). For
times longer than the maximum Rouse relaxation time, i.e.,
t > max(r,) ~ 7N?, Tp(a,t) is given from (3.11) by

27,
tr(a,t) = ——— 5.1
pla,t) ar? + 1 6.1

recall 7, = 7/sin® (xp/2N), hence T;,(t) given by (4.3) can
be written in the scaled form

tT}, = (2b2/3)7F(w,7,N) (5.2)
where
9 N sin? (xp/2N)
7 250 .
(ar) = Zsin (ol Y it (np/2)
(5.3)

Then g(A,t) from (2.8) can be written in the form

g(At) = exp[-Y% E In {1 - 2iA7F(w,7,N)}] (5.4)

a=-o

Recall that w,r = 2rar/t, and since we are considering ¢
> 1, then we can treat w, as a continuous variable and
replace

T — tJ::dw/27r

Then (5.4) can be written as
g(A,t) = exp(-A*(Ar,N)t) (5.5)
where A*(A7,N) is given by (x = w,7)

Mo = “(dx/2m) Infl - 2ArF(x,N)}  (5.6)
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Figure 2. Spin-spin relaxation time as a function of the single
bond relaxation time 7.

This result demonstrates that for times greater than the
longest relaxation time, the relaxation function has a sim-
ple exponential form. It should be noticed that A* can be
complex-, so that the complete relaxation function (2.10)
will have the form

G(t) = exp(-Agt) cos (\t) t>» N2 (5.7)

where
Ar + IA; = A¥(2A7,N) + 20*¥(-A7,N) (5.8)

Ar”! can be identified with the spin—spin relaxation time
T, and depends directly on the Rouse relaxation times {r},
and through them it depends indirectly on the temperature
and molecular weight. It is relatively straightforward to
give an accurate treatment of the single relaxation time
model. This is a single-bond model that is obtained by
setting N = 2 and is treated in the next section.

6. Results for a Single Relaxation Time Model

If we set N = 2, then there is only one normal mode p
= 1, the dynamics of which are governed by a single re-
laxation time 7, = 27. from (5.6), A*(A7,N) can be written
as

® 2 _ 4
M(AT,N) = 71 = j; (dx/27) In {-"—2—21;;391} 6.1)

The integral can be evaluated as

A*(A1,N) = (1/27)((1 - 2iAr)V/2 - 1) (6.2)
hence the relaxation function

g(At) = exp(—t/27)((1 - 2iATHY2E-1)  (6.3)

and the full relaxation function is given as

G(A,t) = real part: (-g(2A,t) g(-Ayt) g(-At)) =
exp(-Agt) cos (A\t)

where

M= Ap + A =
(1/27)((1 — 4iAr)2 + 2(1 + 2iAr)Y2 = 3) (6.4)

The overall decay rate of the relaxation function Ty is
determined by Ay, which is gotten from the real part of
(6.4). The dependence on the relaxation time r is inter-
esting since this shows a maximum when A7 =~ 1. The full
dependence obtained from (6.4) is shown in Figure 2.
Since 7 depends on the temperature in a single-valued
manner, this result implies a corresponding temperature
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Figure 3. Numerical calculation of the relaxation function given
by eq 3.9-3.11, for a dynamical model governed by one relaxation
time 7.

dependence for the relaxation rate. Two limits are of
particular interest (we set 7; = 27): For At < 1

G(Q,t) = exp(-3AtT) (6.5)
and Mg increases as 7, whereas for A7 > 1
Gt =

At (1 + 2173 At (1-212)
expl - e 5 cos (B —

(6.6)

which contains an additional cosine modulation and where
Ag decreases as 7™V/2, In fact this linear increase for small
r and 72 decrease for large r are quite general and hold
equally well for large N. This is shown in section 7 as a
consequence of the molecular weight dependence of A\*-
(A7,N). Returning to the single-bond case, the full re-
laxation function valid over the entire ¢ range has been
numerically computed from (3.9)-(3.11) and is shown in
Figure 3 for various values of the dimensionless quantity
Ar. Over the range shown the analytic formulas (6.5) and
(6.6) give excellent fits to these curves, which also confirm
the previous result that the decay rate is a maximum when
A7 = 1. The sharp downturn of the A7 = 1, 10 curves is
due to the cosine factor of (6.6).

The present result, especially in the region A7 > 1,
represents a considerable improvement on taking the
second-order term of a cumulant expansion (second mo-
ment approximation), an approximation frequently used
in NMR work. For completeness we mention here that
the second moment approximation for the exponential of
a random variable Y(¢) can be stated as

(exp(¥(t))) ~ exp(%(\#(t)Z)) (6.7)

It is exact only when ¥(t) is a Gaussian random variable.
The problem we are considering has

3iA pt

t) = — 2 ’

y(t) ob? 0x(t’) dt

which is not a Gaussian random variable. For the Rouse
model

2y = 3_A ’ ! ! 2 2(47 dt’dt”
won = 2 f, S, @) 226 devde

and can be evaluated for a chain of only one active mode
(r, = 27). The result can be written as®

G(t) = exp[-3A%r(t /7, — (1 — exp(-t/7y)))] (6.8)
Fort>r
G(t) ~ exp(-3A27t) (6.9)
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Figure 4. Comparison of the present results with the second
moment approximation.

This second moment approximation result agrees with our
full result only in the A7 <« 1 limit. The functional form
given by (6.8) is plotted in Figure 4 together with a com-
parison of the numerical results shown in Figure 3.

7. Molecular Weight Dependence

If we consider times greater than the longest Rouse
mode (¢t > 7IN?), then we can use the analytic result (5.5)
for the relaxation function. In particular the molecular
weight (V) dependence is completely contained in the
function F(x,N) given by (5.3). For sufficiently large N
we can replace the sum over normal modes by an integral,
according to

/ML —~ fdp/N

and replace sin? (wp/2N) — (xp/2N)%. Then from (5.3)

F(xN)=5f'/2d in? | 202 1.1)
N = 2 e sin® | 20i) :

where ¢ = wp/2N.

The complete evaluation of A\*(A7,N), given by (5.6),
presents some technical difficulties due to the intractable
nature of the integrals involved. We can, however, deal
with the limit Ar « 1 by expanding

N (Ar,N) = 771 j; “(dx/2n) In {1 - 2iArF(x,N)} =

(+1/2m) j; “dx (-2iATF(x,N) +
2(A7)2F¥(x,N) + 2i(A7)3(F(x,N))® + ...} (7.2)
The first term does not contribute to the final result be-
cause we eventually need the combination of 2A,~A,-A, and

80 the linear terms cancel. The quadratic term involves
standard integrals and gives

InN

T

A*(A7,N) = (A7)? (7.3)

The complete result for the relaxation function can be
written as

§(A,t) = exp[-Ar In (N)t/x]
G(At) = exp[-6A%r In (N)t /7] (7.4)

The In (N) dependence of A*(A7,N), or equivalently the
NMR relaxation time T',, was originally found by Ullman,!!
who assumed from the outset a Rouse-Zimm model for the
bonds carrying the spin pairs. In the free-draining limit
the In (N) dependence was obtained, whereas for a strong
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hydrodynamic interaction no dependence on N was found.
In Ullman’s work the second moment or cumulant ap-
proximation was used to perform the statistical averaging.
However, the validity of this approximation is further
limited for long chains as can be seen by evaluating the
next term, ~(A7)3, in the expansion (7.2). The result is
the imaginary term 3i(Ar)3N/2x, which consequently
contributes an oscillating term to the relaxation function,
ie.

G(Ag) = exp[— S(ATV In (N)E ] cos [ %(Af)aNf ]
(7.5)

Furthermore, the cosine term has the unexpected molec-
ular weight dependence N, which limits the validity of the
expansion from A7 « 1 to (A7)3N « 1. To explore the N
— ® limit, we have to try and evaluate the term F(x,N).
The qualitative behavior of the relaxation function in this
limit can be obtained as follows: the exact expression (7.1)
for the term F(x,N) which carries all the molecular weight
dependence can be evaluated: For j = N/2 and sin? gN
= 1/, the integral in (7.1) can be done exactly to give

F(x,N) =

1 q2 - (2x)1/2q + x2 . (2x)1/2q /2
n n
Ar (2212 q% + (2%)V2%q + x? %2 - g2 o/2N
(7.6)

This form is intractable for the x integration in (7.2)
needed to evaluate \*; however, if we let N — «, then for
x<mw/2

F(x,N) = a/x'? (a =1/2%?)
and for x > x/2

F(x,N)=b/x* (b= (r/2)%/3) 7.7

Without trying to match these functions up, we can at-
tempt to evaluate

A*(Ar,N) = T-lf & 1 - 2iATF (e )}
0 27
as
r/2dx
A¥(AT,N) = T'lf — In {1 - 2iAra/x"% +
0 27

dx

7l 1:/25; In {1 - 2iA7b/x% (7.8)

Both of these integrals can be done, and for purely cos-
metic results we will use 1 instead of 7/2 as the crossover
point. In which case
M(A7N) = (1/277){(1 - (2iAra)?) In (1 - 2iAra) +
(2iA7a)? In (-2iAra)} + (1/277){r(-2{ATb)Y/2 -
2(-2iA7b)Y/2 tan™ (1/-2iArb)1/2 — In (1 - 2iArb)} (7.9)
(Terms linear in A have been omitted as they ultimately
do not contribute.) For A7 «< 1, the dominant term comes
from the first term and is
A (A7,N) ~ (1/277)(2iAra)? In (-2iAra) =
-(1/277)(2A7a)4ln (2A7a) + sin (A)in(%)} (7.10)

hence as N — »

G(AL) = exp[-(4/7)(A7a)*2 In (4A7a) +
In (2Ara) (¢t /7)] cos {677 (ATa)%(t /7)) (7.11)
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The result indicates that when the molecular weight ex-
ceeds the value N, given by N, ~ 1/(A7), then the
effect of the molecular weight saturates. In other words
the dynamics of a single bond, as perceived by NMR, is
sensitive only to the other bonds up to a maximum number
given by Ny, It can also be seen from (7.11) that the real
part of A* depends linearly on the relaxation time 7.
Similarly for A7 > 1 the second terms of (7.9) dominate
and the real part of A* ~ 771/2, Thus the behavior of A*
found analytically for the single-bond case also holds in
the general case.

8. Summary

The relaxation of the transverse components of
magnetization, due to dipolar interactions between a spin
pair on an isolated bond along a polymer chain, has been
calculated by first scaling the chain and then using the
Rouse model for the chain dynamics. Explicit expressions
for the relaxation function are given in terms of an NMR
time scale A, the fastest Rouse relaxation time 7, the degree
of polymerization of the chain NN, and the position j of the
bond along the chain. The mathematical technique em-
ployed allows for a systematic development of the relax-
ation function in terms of frequency components w, labeled
by integer values «.

For times ¢ greater than the longest Rouse mode 7N? we
showed that the relaxation function is given by the real
part of an exponential form: exp(-A*(A7,N)t). A variety
of different behaviors was found depending on whether the
combinations At and NAr are greater or less than 1. For
A1 « 1 M*(Ar,N) is real and a pure exponential decay is
seen, whereas for A7 > 1 A*(Ar,N) is complex and the
relaxation function is modulated by a cosine term. The
decay of the relaxation function, determined by the real
part of A\* and identified with the usual transverse relax-
ation time 7%, is a maximum for A7 ~ 1. It increases
linearly as 7 for Ar <« 1 and decreases as 77'/2 for At >
1. As r — « the frozen limit, which can be obtained
independently of the present approach, is correctly ob-
tained. Since 7 increase monotonically as the temperature
T decreases, then this maximum is also expected in the
temperature dependence of the relaxation rate 757

A maximum in T, has been reported in the work of
Geschke and Poschel'? on polystyrene, Muller et al.!® on
semiflexible liquid-crystal polyesters, and Sillescu et al.4
on a polystyrene-toluene system. However most inves-
tigators, for example, see a recent review by Kimmich,'®
find only T, increasing with 1/7T and then becoming
constant at low temperatures. The work of Sillescul* in
fact shows both kinds of behavior.

The experimental situation may be confused by the
necessity to adopt a working definition for T, when the
NMR relaxation is not strictly exponential. This occurs
quite noticeably as the temperature is lowered and T}, is
taken as the time for the relaxation to fall to 1/e of the
initial value. The theoretical curves drawn in Figure 3 give
a good indication of the difficulties of interpretation that
this can lead to. The nonexponential behavior of the
curves when 7 > A™ (i.e., lower temperatures) was shown
to originate from a cosine term modulating the original
exponential behavior, e.g., eq 6.6. Strictly speaking, the
analytic work shows that it is the rate of the underlying
exponential, i.e., the real part of \*(Ar,N), that shows the
maximum in the temperature dependence. If the working
definition of T, were applied to the curves shown in Figure
3, then it is clear by inspection that the value of T’ ob-
tained would increase continuously through Ar = 1 and
become asymptotically constant as A7 — =. This em-
phasizes the need to fit the relaxation function and not
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to simply force an exponential fit. It is hoped to return
these matters on another occasion.

The molecular weight dependence of A*(A7,N) shows a
In (N) dependence when Ar << 1 up to a maximum value
Npa ~ 1/A7 and for N > N, is independent of molecular
weight. Experimentally the situation is complicated by
the fact that when the molecular weight is increased, the
validity of the Rouse model is limited up to a critical
molecular weight M, At higher molecular weights en-
tanglement effects play an increasing important role and
the dynamics of the chain are fundamentally changed. The
effect of the relaxation time 7', is well documented in the
papers of Cohen-Addad and Kimmich cited in the refer-
ences. For low molecular weight polyethylene McCall et
al.’® and Kimmich'? consider a power law relationship T
~ M® and find a ~—0.5 to —0.6. While it is possible to fit
the data to this form, Wright'® has found that the fit is
not as good as the fit to the predicted In (M) behavior
especially at the lowest molecular weights.

Finally in this paper a new method of computing the
NMR relaxation function has been presented. The method
does not depend on the use of the Rouse model for the
chain dynamics, and other models could have been used.
The underlying assumption was only that the dynamics
be treated as a Gaussian random process. The Rouse
model was used to illustrate various features of the for-
malism. It was shown that the frequently used second
moment or cumulant approximation is valid only when Ar
« 1 and N « N, Fort < 7N?the relaxation function
does not have a simple exponential form and must in
general be computed from (3.9)-(3.11). For the limit r —
= an algebraic result is obtained.

Appendix
The evaluation of

A
g(Af) = (exp[% S, () dt’]) (A1)

where x(t) is a stochastic dynamical variable representing
the x component of the jth bond vector b;(t), is discussed.
The dynamics of the N - 1 bonds {b;(t)} will be described
by the Rouse dynamical equation (3.1). It is convenient
to treat time as a discrete variable and to divide the in-
terval from 0 to t into T intervals of duration ¢, i.e., t =
eT

The integral in (Al) is replaced by
t T

S 2 dt’— e Z 2Pt
0 t'=0

g(Ah) = <exp[ Ly m]) (A2)

The quadratic term in the exponential is linearized by
using an auxiliary variable ¢(t) for each time “point” and
the mathematical identity

3ine L
i)

(A3)

T At
Nf...fHd¢(t’) exp)}}{—m + x;(t) ()

where WV is the normalization factor (6xiAe)T/2,
The statistical problem is completely solved since x(t)
is a Gaussian random variable for which we have the result
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<exp[>;Q(t0 x(tN]) =
exp[1/2§§Q(to QUtM(x;(t) x;(t")] (Ad)

Hence (A3) becomes
il & o = 1
<exp 2b2€§xj (t’)) = .Nf---fndcp(t’) exPGiAe X

> [‘P(tl){5t1t2 - %;e(xj(tl) xj(t2)>}¢(t2)] (A5)

thts

Set
Hitt) = 8= Soclue) 56) (A0
Then
g(at) =
N - f Tldott) expﬁtlztz[q:(tl) Hitrty) o(t)] (A7)

To do the multiple integrals over the auxillary variables
{o(t)} it is useful, on the time interval 0—t, to express the
auxillary function ¢(t) in terms of discrete Fourier com-
ponents ¢a:

+1/2 2riat
oty =T _‘_‘:T/g @, €Xp T (A8)

The number of components ¢, (« an integer in the range
~T/2 to T/2) is the same as the number of discrete com-
ponents ¢(t), and ¢_, = ¢*,. Then the exponent in (A7)
becomes

TT TT
%‘P(h) Hity—ty) o(t) = ZB‘Pa‘PﬁHaﬁ (A9)
here
2 7T 27
Haﬂ =T ZH(tl_tg) exp _i,—(atl + .BtZ)
titg

The advantage of this transformation is, as we will shortly
show, that in the long time limit ¢ — « the matrix H,
becomes diagonal, i.e.
T — Haﬂ — Ha a=4
-0 a =B
Using (A9) and separating the diagonal and off-diagonal
terms, (A7) can be written as

g(A) =
-1 -1
thpl exp(ﬁ%l%leaa) exp(él—(agﬂwpﬂaﬂ)
(A10)

where K = 3Aie.
The exponential containing the off-diagonal terms is
expanded

-1 1
g(At) = fD{¢} expﬁZl%leua {1 " 3Ke §ﬂ¢a¢aHas

N %(Ell{_e)z agﬂ 1§6¢a¢5H°‘ﬁ‘p6¢7H75 - .. (Al1)
and then integrated term by term to give
gad) = (”ﬁm H -1/2) e r o, (A12)
= ampHoaHgg

For the Rouse model the matrix H 4 (given by (A8)) can
be calculated explicity. The important term in (A6) in-
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volves the bond vector correlation (x;(t;) x;(t5)) and is
given from (8.7) as
7pj =ty -ty

2b?
= —3 sin? — exp

(x;(¢1) xj(ty)) = Tyt — to) IN5 N

p
(A13)
The sums in (A9) over the discrete time points can be
converted back into integrals, for example, the term de-
fined by

_ Ll ettt | 2wiat’
Tpog = tQJ; J;dt dt” exp - exp ;
2mift” 2 1
= 641 T
t Twamp)2 + 1t/ 7
{(wpw,7,?) + 1H1 - exp(-|t|/7,)}
{(wBTp)z + llg(wafp)z + lg(t/Tp)2

exp

14)

where w, = 2wa/t.

The relative contribution of the diagonal term I, and
the off-diagonal term T4 can be judged in the two limits
t — 0 and t > max (7). As

t > max (7,) Tpoa ~ 275/t
whereas T ~ 2/(7,/t)?
and
t—0 Tpoe ~ 4t/70r,? a#0
~1 a=0
whereas

I pas ~ t/ 1508

In both limits the diagonal term is the dominant one.
However, the expansion (A12) allows for a systematic in-
clusion of the off-diagonal terms. For various test values
of the parameter Ar the off-diagonal terms in (A12) did
not appear to significantly alter the result obtained by
using only the diagonal terms.

Retaining only the diagonal contributions, the relaxation
function given by (A12) can be written as

a#ZB#£0

a=t® a=te
gap) = Il H,, V2= 11 [1-3iatT,@)]Y2  (Al5)

where
_ 2., 7mD]
D, (t) = 3N§sm N T'pa(2)

and T',,(t) is given by the diagonal part of (A14):
Tp(t) =

2 1
(warp)? + 1 t/7p

flwerp)? =1} {1 - exp(-|t|/ 7o)}
{(wa‘rp)z + 1! t/TP

(A16)
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ABSTRACT: When a polymer blend is heated to within the unstable region of the temperature composition
diagram, spinodal decomposition may be observed using small-angle neutron scattering. In the one-phase
region, scattering has been used to obtain the temperature and composition dependence of the second derivative
with respect to composition of the Gibbs free energy of mixing. Correlation of these two types of measurements
not only tests the current theories of spinodal decomposition but also provides insight into the molecular
parameters controlling domain morphology in phase-separating blends.

Introduction

If the temperature of a partially miscible polymer blend
is raised from the one-phase region to the two-phase region,
then concentration fluctuations become unstable, and
phase separation results via spinodal decomposition.!? The
driving force for this process is provided by the gradient
of the chemical potential.> There has been a recent surge
of interest in the theory*” and the experimental obser-
vation®1° of phase separation in polymer blends both be-
cause of the technological interest in polymeric materials
and because the high viscosities of these systems slow down
the process and allow the kinetics in the early stages to
be observed and thus test the theoretical predictions.

For the most commonly studied system—polystyrene
with poly(vinyl methyl ether)—the wavelength of the
unstable concentration fluctuations lies dominantly around
10* A, and therefore light-scattering techniques have been
employed. Recently, Meier and Strobl!* employed SAXS
to study a blend of polystyrene with poly(styrene-co-
bromostyrene) well away from the dominant distance scale.
However, for a number of systems, we have noted length
scales of less than 10° A in the scattering from two-phase
blends. An example of such a system is poly(methyl me-
thacrylate) with solution chlorinated polyethylene,'? and
in this case SANS and SAXS techniques were the obvious
choices of scattering techniques.

In several recent papers!®1° it has been shown that
small-angle neutron-scattering measurements from the
concentration fluctuations in a single-phase two-compo-
nent polymer blend may be used to determine the Flory
interaction parameter of the blend. The concentration
fluctuations in such a system were originally shown by
Einstein® to depend on the concentration gradient of the
chemical potential, which Debye and Bueche?! subse-
quently related to interactions in the system using the
Flory-Huggins equation.?

If the temperature and concentration dependences of
the chemical potential gradient are determined, then, by
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extrapolation, it is possible to obtain values inside the
phase boundary and thus to predict the dominant length
scale for phase separation. In this paper we test, for the
first time, this correlation between neutron scattering from
the stable and unstable regimes of the phase diagram for
a blend of poly(methyl methacrylate) (PMMA) with
poly(a-methylstyrene-co-acrylonitrile) (PAMSAN).

The linearized theory of spinodal decomposition was
originally developed for small-molecule systems by Cahn
and Hilliard,? subsequently adapted to polymeric systems
by van Aartsen,?® and reformulated on the basis of mean-
field theory to predict the behavior of the intensity of
scattered radiation as function of time by Pincus,* de
Gennes,® and most extensively by Binder.®

The influence of thermal fluctuations was first intro-
duced to the theoretical development by Cook,? and the
significance was further explored by Binder.# Okada and
Han!° showed that the contribution to the observed
scattering from thermal fluctuations was negligible except
when experiments were carried out very close to the spi-
nodal temperature (in this case, “very close” meant within
1°). The small-angle neutron-scattering data from blends
of PMMA /PAMSAN presented in this paper are used to
test the theoretical predictions; for spinodal decomposition,
in particular, the influence of thermal fluctuations near
the spinodal temperature is examined in some detail.

Thermodynamics of Polymer Blends

The free energy of mixing, AGy, for a polymer blend may
be calculated from the Flory—Huggins lattice model.2 AG,
is here expressed per lattice segment and

AGm/RT =n; ].n @1 + Ny ln @2 + ¢1¢2X12 (1)

n, and n, are the molar numbers of polymers 1 and 2,
respectively. ®, and ®, are the volume fractions of the
components. x;, is the interaction parameter. In the
original Flory-Huggins theory?? y,, was independent of
concentration and inversely dependent on temperature.
However, with such a simple description of x5 eq 1 is
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